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On M-9-branes and their dimensional reductions
Takeshi Satoa
aInstitute for Cosmic Ray Research, University of Tokyo,
5-1-5 Kashiwanoha, Kashiwa-shi, Chiba-ken, 277-8582, Japan
The M-9-brane Wess-Zumino action is constructed, and by using it, consistency of the relation of p-branes for
p ≥ 8, suggested on the basis of superalgebra, is discussed.
1. Introduction
M-theory is a candidate for a unified theory of
particle interactions and is conjectured to be the
11-dimensional (11D) theory which gives 5 per-
turbative 10-dimensional (10D) string theories in
different kinds of limits. In discussing proper-
ties of these theories, (p+1)-dimensional objects,
called p-branes, play many crucial roles, so, it is
important to clarify what kinds of branes exist
in each of the theories. Brane scan via superal-
gebra is one of the methods to discuss them, by
which BPS branes possible to exist in the theo-
ries are predicted[1][2] (see also [3]). For the case
p ≤ 7, all the p-branes predicted to exist in M-,
IIA and IIB string theories, have corresponding
solutions in each of their supergravity theories.
As for the p-branes with p ≥ 8, however, there is
a problem, as we will explain later. In this work
we will discuss these branes, since p-branes with
p ≥ 8 are very important in that M- and string
theories with 16 supercharges are expected to be
constructed by using these branes (see ref.[4] and
references therein).
To be concrete, one kind of 9-brane is suggested
to exist in M-theory[1], one kinds of 8-brane and
9-brane are predicted in IIA, and two kinds of
9-branes are in IIB[1]. The first one is called ”M-
9-brane”, and the others are called or identified
with D-8-brane, NS-9A-brane, D-9-brane and NS-
9B-brane, respectively, based on the considera-
tion of their kind of charges. Taking into account
the dimensions and the duality relations of the
theories, the relation of the p-branes for p ≥ 8,
suggested based on superalgebra, is represented
as Figure 1[1].
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Figure 1. The relation of p-branes with p ≥ 8.
(D.R. denotes dimensional reduction.)
However, there is the following problem with
the M-9-brane, or 11D origins of the D-8-brane
solution and massive IIA supergravity (SUGRA).
The BPS D-8-brane arising in the IIA string, ac-
tually, has a corresponding solution not in the
usual IIA but in the massive IIA SUGRA with
nonvanishing cosmological term[5][6][7]. This is
because a BPS D-8-brane in 10 dimensions is a
domain wall with some electric charge of a RR
9-form gauge field, giving rise to a constant field
strength, whose dual we denote as a mass pa-
2rameter m. This field strength contributes to
the action as a cosmological constant −m2/2. In
other words, such domain wall solutions cannot
be constructed without cosmological term. In
11 dimensions (11D), however, no deformation
to include a cosmological term is allowed if Rie-
mannian geometry and covariant action are as-
sumed[8]. Thus, there is no naive M-9-brane so-
lution in 11D, and the origin of the D-8-brane and
massive IIA SUGRA are still unclear.
There are several approaches to solve this prob-
lem and one of them is ”massive 11D theory”[9].
This is a trial theory, constructed on the basis of
the idea that the problem may imply the need to
modify the framework of 11D SUGRA. Suppose
a Killing isometry is assumed in the 11D back-
ground. Then, the no-go theorem is avoided and
the massive 11D theory, which is written in terms
of an 11-dimensional theory at least formally, can
be defined; it gives the 10D massive IIA SUGRA
on dimensional reduction along the isometry di-
rection (which is parametrized by the coordinate
z), and gives usual 11D SUGRA in the massless
limit m → 0 if the dependence of the fields on
z is restored. Moreover, the M-9-brane solution,
i.e. the solution which gives a D-8-brane solu-
tion on the dimensional reduction along z, is ob-
tained in this theory[10]. We note that only the
bosonic sectors have been discussed in this mas-
sive 11D theory, though its bulk theory is called
“super”gravity. We also note that the isometry
direction is interpreted as a compactified direc-
tion like S1, and the M-9-brane is considered to
be wrapped around it[10]. We follow the above
idea and study the relation of branes within this
framework.
To be concrete, we will discuss the relation
from the viewpoint of worldvolume effective ac-
tion (WVEA). In fact, almost all of the WVEA’s
of the branes have been already obtained. How-
ever, only the Wess-Zumino (WZ) term of the M-
9-brane SWZM9 has not yet been obtained. So, as
for the WZ terms, consistency of the relation in
Figure 1 has not been established. In other words,
even within this framework, the consistency of the
relation of the branes has not been established yet.
The purpose of this work is to construct SWZM9 and
to examine the consistency of the relation of the
p-branes with p ≥ 8 from the viewpoint of world-
volume effective action.
The concrete procedures are as follows: First,
we introduce a 10-form gauge potential into the
theory consistently because the M-9-brane is ex-
pected to couple to it. Then, we construct the
M-9-brane WZ action using the 10-form and ex-
amine the consistency of the action in certain two
ways. Finally, we investigate two kinds of dimen-
sional reductions of the action.
This talk is based on work [11,12].
2. The M-9-brane WZ action and its di-
mensional reductions
First, we briefly review the massive 11D
SUGRA[9]. The bosonic field content is the same
as that of the usual (massless) 11D SUGRA: the
metric gˆµν and a 3-form gauge potential Cˆµνρ.
In this theory these fields are required to have a
Killing isometry, i.e., L
kˆ
gˆµν = LkˆCˆµνρ = 0 where
L
kˆ
indicates a Lie derivative with respect to a
Killing vector field kˆµ. (We fix the coordinates so
that kˆµ = δµz .) The infinitesimal gauge transfor-
mations of the fields are defined as
δgˆµν = −m[λˆµ(ikˆgˆ)ν + λˆν(ikˆgˆ)µ],
δCˆµνρ = 3∂[µχˆνρ] − 3mλˆ[µ(ikˆCˆ)νρ] (1)
where (i
kˆ
T
(r)
µ1···µr−1) ≡ kˆ
µT
(r)
µ1···µr−1µ for a field
T (r). χˆ is the infinitesimal 2-form gauge param-
eter, λˆ is defined as λˆµ ≡ (ikˆχˆ)µ, and m is a
constant mass parameter. Then, a connection for
the massive gauge transformations should be in-
troduced. The new total connection takes the
form Ωˆ bca = ωˆ
bc
a + Kˆ
bc
a
1 where ωˆbca is a usual
spin connection and Kˆ is given by
Kˆ bca =
m
2
[kˆa(ikˆCˆ)
bc + kˆb(ikˆCˆ)
ac − kˆc(ikˆCˆ)
ab].(2)
The 4-form field strength Gˆ(4) of Cˆ is defined as
Gˆ(4)µνρσ = 4D[µCˆνρσ] ≡ 4∂[µCˆνρσ]
+ 3m(i
kˆ
Cˆ)[µν(ikˆCˆ)ρσ] (3)
where Dµ denotes the covariant derivative.
Then, Gˆ(4) transforms covariantly as δGˆ
(4)
µνρσ =
1 We use a, b, · · · for local Lorentz indices.
34mλˆ[µ(ikˆGˆ
(4))νρσ], which implies that δ(Gˆ
(4))2 =
0.
The action of the massive 11D SUGRA is
Sˆ0 =
1
κ
∫
d11x[
√
|gˆ|{Rˆ−
1
2 · 4!
(Gˆ(4))2
+
1
2
m2|kˆ|4}+
ǫˆµ1···µ11
(144)2
{24∂Cˆ∂CˆCˆ
+18m∂CˆCˆ(i
kˆ
Cˆ)2 +
33
5
m2Cˆ(i
kˆ
Cˆ)4}µ1..µ11 ] (4)
where κ = 16πG
(11)
N and |kˆ| =
√
−kˆµkˆν gˆµν . This
action is invariant (up to total derivative) under
(1), and its dimensional reduction along z gives
the bosonic part of 10D massive IIA SUGRA ac-
tion.
Now, let us introduce a 10-form gauge potential
Aˆ(10). Following the case of the 9-form potential
in 10D IIA theory[7], we promote the mass pa-
rameter m to a scalar field Mˆ(x), and add the
term
1
κ
∫
d11x
11
11!
ǫˆµ1···µ11Mˆ(x)∂[µ1 Aˆ
(10)
µ2···µ11]
. (5)
to the action Sˆ0 to introduce Aˆ
(10) as a Lagrange
multiplier for Mˆ(x) = m. We note that Aˆ(10)
also satisfies L
kˆ
Aˆ(10) = 0, which means that Aˆ(10)
with no z index does not appear in this theory.
Then, the action is invariant under (1) if the mas-
sive gauge transformation of Aˆ(10) is defined as
δ(i
kˆ
Aˆ(10))µ1···µ9 = −
√
|gˆ|ǫˆµ1···µ9z
·[−gˆµµ
′
gˆνν
′
(2∂[µ′ kˆν′] − Mˆ |kˆ|
2(i
kˆ
Cˆ)µ′ν′)λˆν
+
1
2
Gˆ(4)µνρσ(i
kˆ
Cˆ)νρλˆσ]
−
9!
48
[∂Cˆ(i
kˆ
Cˆ)2λˆ+
Mˆ
4
(i
kˆ
Cˆ)4λˆ]µ1···µ9 . (6)
Now, we discuss the construction of SWZM9 using
Aˆ(10). However, the gauge invariant WZ action
cannot be constructed straightforwardly. The
reason is as follows: Since a M-9-brane couples
to Aˆ(10), SWZM9 contains the term
SWZM9 |9form =
TM9
9!
∫
d9ξ ǫi1..i9
×∂i1X
µˆ1 ..∂i9X
µ9(i
kˆ
Aˆ(10))µ1..µ9 (7)
where ξi (i = 0, .., 8) are worldvolume coordinates
of the brane and Xˆµ (µ = 0, .., 9) are embed-
ding coordinates. Suppose we consider the mas-
sive gauge transformation of (7). Then, we can
see that the contribution of the first bracket of
the r.h.s. of (6) to the variation of (7) cannot
be cancelled even if any other terms are added
to (7). This is because the contribution of the
bracket cannot be represented by any products of
forms due to the extra ǫˆ but that all the terms of
SWZM9 should be represented by some products of
forms.
Our idea to resolve this problem is as follows:
Since the main obstruction is the existence of the
extra ǫˆ in (6), let us suppose one rewrite the first
bracket of (6) by using the “dual fields” of kˆµˆ and
Cˆ through duality relations. Then, the extra ǫˆ is
cancelled and the first bracket can be expressed
as a sum of exterior products of forms. Thus, it is
expected that one can construct a gauge invariant
WZ action. This idea is successful, which we show
in the following.
The dual field of the 3-form Cˆ is the 6-form
Cˆ(6) whose massive gauge transformation, field
strength and the duality relation are[9]2
δCˆ
(6)
µ1···µ6 = 30∂[µ1χˆµ2µ3Cˆµ4µ5µ6]
+ 6Mˆλˆ[µ1(ikˆCˆ
(6))µ2···µ6] (8)
Gˆ
(7)
µ1···µ7 = 7[∂Cˆ
(6) − 3Mˆ(i
kˆ
Cˆ)(i
kˆ
Cˆ(6))
+ 10Cˆ∂Cˆ + 5MˆC(i
kˆ
Cˆ)2
+
Mˆ
7
(i
kˆ
Nˆ (8))]µ1···µ7 (9)
Gˆ(4)µ1···µ4 =
ǫµ1···µ11
7!
√
|gˆ|
Gˆ
(7)
µ5···µ11 . (10)
Nˆ (8) is the dual field of the Killing vector also
introduced in ref.[9], whose gauge transformation
is suggested such as
δNˆ
(8)
µ1···µ8 = {
8!
3 · 4!
∂χˆCˆ(i
kˆ
Cˆ)
+8Mˆλˆ(i
kˆ
Nˆ (8))}µ1···µ8 . (11)
In this paper we regard kˆµ ≡ (ikˆgˆ)µ as a “vector
gauge field”, and consider the “field strength” of
2We concentrate our discussions on the gauge transforma-
tions with respect to χˆ and λˆ.
4it, as one does for (i
kˆ
Cˆ). Then, if we define Gˆ(2)
as
Gˆ(2)µν ≡ 2∂[µkˆν] − Mˆ |kˆ|
2(i
kˆ
Cˆ)µν , (12)
Gˆ(2) is shown to transform covariantly under (1).
So, Gˆ(2), in fact arising in the first term of (6),
can be interpreted as the field strength of kˆµ. On
the other hand, the field strength Gˆ(9) of the full
8-form Nˆ (8) is difficult to construct. However, in
order to rewrite the first term through the dual-
ity relation between Gˆ(9) and Gˆ(2), it is sufficient
to know the field strength of (i
kˆ
Nˆ (8)). This is
because Gˆ(2) in the first term of (6) vanishes if
any of the indices of Gˆ(2) takes z, implying that
one of the indices of Gˆ(9) certainly takes z. Thus,
only the field strength of (i
kˆ
Nˆ (8)) is needed, and
it can be defined as
(i
kˆ
Gˆ(9))µ1···µ8 ≡ 8{∂(ikˆNˆ
(8))
+21(i
kˆ
Cˆ(6))∂(i
kˆ
Cˆ) + 35C∂(i
kˆ
Cˆ)(i
kˆ
Cˆ)
+35∂C(i
kˆ
Cˆ)2 +
105
8
Mˆ(i
kˆ
Cˆ)4}[µ1···µ8]. (13)
We note that (i
kˆ
Gˆ(9)) is invariant under (1),
which means that this definition is consistent.
Then, we assume the duality relation:
Gˆ(2)µ1µ2 =
ǫµ1···µ10z
9!
√
|gˆ|
(i
kˆ
Gˆ(9))µ3···µ10 . (14)
It gives one of the 10D IIA duality relations
in ref.[13] on dimensional reduction in z, which
means that (14) is consistent.
Since all the preparations have been done, let
us substitute the relation (10) and (14) for (6)
to have the rewritten expression of the massive
gauge transformation of Aˆ(10):
δ(i
kˆ
Aˆ(10))µ1···µ9 = −9![
1
7!
∂(i
kˆ
Nˆ (8))λˆ
−
1
2 · 5!
∂{(i
kˆ
Cˆ(6))(i
kˆ
Cˆ)}λˆ
+
1
6 · 4!
∂{Cˆ(i
kˆ
Cˆ)2}λˆ
−
Mˆ
24 · 4!
(i
kˆ
Cˆ)4λˆ ][µ1···µ9].(15)
By using this expression, the gauge invariant WZ
action of the M-9-brane can be constructed in-
deed. Before constructing it, we give the rewrit-
ten field equation of Mˆ(x):
− Mˆ |kˆ|4 =
10ǫˆµ1..µ10z
10!
√
|gˆ|
{∂µ1(ikˆAˆ
(10))µ2..µ10
−
9!
8 · 6!
(i
kˆ
Gˆ(7))(i
kˆ
Cˆ)2 +
9!
2 · 8!
(i
kˆ
Gˆ(9))(i
kˆ
Cˆ)
+
9!
288
∂Cˆ(i
kˆ
Cˆ)3 +
9 · 9!
5760
Mˆ(i
kˆ
Cˆ)5}µ1..µ10 . (16)
Since the r.h.s. of (16) is shown to be gauge in-
variant, it can be interpreted as the gauge invari-
ant field strength of the 10-form (multiplied by
1/10!). Thus, we can conclude that the 10-form
Aˆ(10) is introduced consistently. Moreover, we de-
fine a new 10-form Cˆ(10) which agrees with 10D
IIA 9-form C(9) on dimensional reduction along
z:
(i
kˆ
Cˆ(10))µ1···µ9 ≡ (ikˆAˆ
(10))µ1···µ9
+[
9!
2 · 7!
(i
kˆ
Nˆ (8))(i
kˆ
Cˆ)−
9!
235!
(i
kˆ
Cˆ(6))(i
kˆ
Cˆ)2
+
9!
24(3!)2
Cˆ(i
kˆ
Cˆ)3][µ1..µ9] (17)
Then, the gauge transformation of Cˆ(10) takes the
simple form:
δ(i
kˆ
Cˆ(10))µ1···µ9 = −945{−4∂χˆ(ikˆCˆ)
3
+Mˆ(i
kˆ
Cˆ)4λˆ }[µ1···µ9]. (18)
For convenience, we use Cˆ(10) to construct SWZM9 .
Now, we construct the M-9-brane WZ action as
that of the gauged σ-model, in which the trans-
lation along kˆ is gauged[14][9][15]. In this ap-
proach the M-9-brane wrapped around the com-
pact isometry direction is described[10]. So, de-
noting its worldvolume coordinates by ξi (i =
0, 1, .., 8) and their embeddings by Xµ(ξ)(µ =
0, 1, .., 9, z), the worldvolume gauge transforma-
tion is given by δηX
µ = η(ξ)kˆµ where η(ξ) is a
scalar gauge parameter. In order to make the
brane action invariant under the transformation,
the derivative of Xµ with respect to ξi is replaced
by the covariant derivative DiX
µ = ∂iX
µ− Aˆikˆ
µ
with the gauge field Aˆi = −|kˆ|
−2∂iXˆ
νˆ kˆνˆ [15].
Then, we obtain the M-9-brane WZ action only
on the basis of the gauge invariance, as
SWZM9 = TM9
∫
d9ξǫi1···i9 [
1
9!
˜
(i
kˆ
Cˆ(10))
i1···i9
5+
1
2 · 7!
˜
(i
kˆ
Nˆ (8))
i1···i7
Kˆ
(2)
i8i9
+
1
23 · 5!
˜
(i
kˆ
Cˆ(6))
i1···i5
(Kˆ(2))2i6···i9
+
1
2 · (3!)2
˜ˆ
Ci1i2i3{(∂bˆ)
2 −
1
4
˜
(i
kˆ
Cˆ)∂bˆ
+
1
8
˜
(i
kˆ
Cˆ)
2
}i4···i7Kˆ
(2)
i8i9
+
1
2 · 4!
Aˆi1{(∂bˆ)
3 +
1
2
(∂bˆ)2
˜
(i
kˆ
Cˆ)
+
1
4
(∂bˆ)
˜
(i
kˆ
Cˆ)
2
+
1
8
˜
(i
kˆ
Cˆ)
3
}i2···i7(Kˆ
(2))i8i9
+
m
5!
bˆi1(∂bˆ)
4
i2···i9
] (19)
where
˜ˆ
Si1···ir ≡ Sˆµ1···µrDi1X
µ1 · · ·DirX
µr for a
target-space field Sˆµ1···µr . bˆi describes the flux of
an M-2-brane wrapped around the isometry di-
rection, whose massive gauge transformation is
determined by the requirement of the invariance
of its modified field strength Kˆ
(2)
ij = 2∂[ibˆj] −
∂iX
µ∂jX
ν(i
kˆ
Cˆ)µν (i.e. δbˆi = λˆi).
Then, we check the consistency of the M-9-
brane action in two ways; (the kinetic term of
the M-9-brane has been given in ref.[16].) first,
we can improve the M-9-brane solution in ref.[10]
so that Aˆ(10) 6= 0. Then, the M-9-brane world-
volume action must be the source of the solution.
We can show that this is true[11]. Second, when
there are two M-9-branes parallel to each other
with a certain orientation, no force exists between
them, so, the potential energy of a test M-9-brane
parallel to a background M-9-brane must vanish.
Using the obtained M-9-brane action and the im-
proved M-9-brane solution, we can show that this
is also true[11]. Thus, we can say that the ob-
tained M-9-brane action is consistent.
Finally, we present the result of dimensional re-
ductions of SWZM9 briefly. First, if we consider the
dimensional reduction along the isometry direc-
tion, it is shown to give the D-8-brane WZ ac-
tion. Second, if we consider the dimensional re-
duction along the only transverse direction, SWZM9
is shown to give the NS-9A-brane WZ action. (In
fact, in this case, we need to know “undiscussed”
truncation conditions caused by modding out the
system by an certain Z2 symmetry, but we can
infer them by using the duality relations (10) and
(14).) Thus, the relation of p-branes with p ≥ 8,
based on the superalgebra, is consistent from the
viewpoint of their WVEAs.
3. Summary and discussion
The results of this work is summarized as fol-
lows: The M-9-brane Wess-Zumino action, the
only unconstructed (bosonic part of) brane ac-
tion, has been obtained, based only on the gauge
invariance. The essential point in constructing
it is our appropriate choice of fields representing
the same degrees of freedom. Its consistency has
been confirmed in two ways. In addition, upon
two kinds of dimensional reductions, the Wess-
Zumino action of the M-9-brane has been shown
to give those of the D-8-brane and the NS-9A
brane, respectively. Therefore, we conclude that
within the framework of massive 11D theory, the
relation of p-branes with p ≥ 8, suggested on the
basis of superalgebra, is consistent from the view-
point of their worldvolume effective actions.
In this theory, however, the implication of the
existence of the isometry direction is still un-
clear, so some other modification of the frame-
work might be needed.
Finally, we would like to note that there is third
possibility of dimensional reduction of the M-9-
brane; the dimensional reduction along the world-
volume direction but not the isometry one. There
are some arguments on how to interpret this pos-
sibility, and ours is that the obtained 8-brane is
essentially the same as the usual D-8-brane ex-
cept that it arises in another massive extension
of the 10-dimensional IIA theory with an isome-
try direction. Since we do not have enough space
to discuss it here, in detail, please see ref.[12] and
references therein.
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